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Abstract
Let Vf denote the value set (image) of a polynomial fAFq½x: We relate the number of
polynomials fAFq½x of degree q  1 such that jVf j ¼ k to the solutions ðx1;y; xkÞ of a linear
equation over Fq; with the added restriction that xiaxj whenever iaj: Using this we ﬁnd a
simple formula for the number of such polynomials.
r 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
Let Fq be the ﬁnite ﬁeld of q ¼ pr elements, where p is a prime and r is a positive
integer. The value set Vf of a polynomial f in Fq½x is deﬁned to be the set ff ðaÞ :
aAFqg: In other words, Vf is the image of f : If f has degree n; since a polynomial
cannot have more than n zeroes in any ﬁeld, it is easy to see that
q  1
n
 
þ 1pjVf jpq:
(We use jAj to denote the cardinality of a set A:) Polynomials achieving the lower
bound are said to be minimal value set polynomials while those with value sets
achieving the upper bound q are known as permutation polynomials, see [5, Chapter 7].
It is well known that every function from a ﬁnite ﬁeld into itself can be uniquely
represented by a polynomial of degree pq  1: This is because if f and g induce the
same map on Fq; then f ðxÞ  gðxÞ ðmod xq  xÞ; see [5]. Thus for our discussion, it
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is enough to consider only polynomials f of degree pq  1: We now state the
following deﬁnitions that we will use throughout the rest of this paper.
Deﬁnition 1. Let fAFq½x such that Vf ¼ fc1; c2;y; ckg and jVf j ¼ k: For 1pipk
we let mi ¼ jf 1ðciÞj ¼ jfaAFq : f ðaÞ ¼ cigj: Note that
P
mi ¼ q: For convenience,
we assume that the ci’s are ordered such that m1X?Xmk:
We call Mf ¼ ðm1;y; mkÞ the multiplicity vector of the polynomial f :
We also say that the positive integers mi form an unordered partition of q into k
parts.
Deﬁnition 2. We deﬁne Nqðd; kÞ as follows:
Nqðd; kÞ ¼ jffAFq½x : degreeðf Þ ¼ d and jVf j ¼ kgj: ð1Þ
Deﬁnition 3. Let m1X?Xmk be k positive integers such that
P
mi ¼ q: We write
M ¼ ðm1;y; mkÞ: We deﬁne Nqðd; ðm1;y; mkÞÞ ¼ Nqðd;MÞ as follows:
Nqðd;MÞ ¼ jffAFq½x : degreeðf Þ ¼ d and Mf ¼ Mgj: ð2Þ
In words, Nqðd; kÞ is the number of polynomials of degree d in Fq½x with value sets
having the same cardinality k and Nqðd;MÞ is the number of polynomials of degree d
in Fq½x having the same multiplicity vector M: Note that
Nqðd; kÞ ¼
X
M
Nqðd;MÞ; ð3Þ
where the summation extends over all unordered partitions M of q into k parts.
Deﬁnition 4. LetM ¼ ðm1;y; mkÞ be the multiplicity vector of a polynomial in Fq½x
as deﬁned above. We rewrite M as
M ¼ ðmi1 ;y; mi1 ; mi2 ;y; mi2 ;y; mis ;y; misÞ;
where mi14mi24?4mis : Let r1; r2;y; rs be the number of repetitions of
mi1 ; mi2 ;y; mis respectively, in the expression for M: Note that
Ps
i¼1 ri ¼ k andPs
i¼1 miri ¼ q:
We deﬁne ðr1; r2;y; rsÞ to be the repetitions of the parts of M:
In [1] the author describes a method to enumerate the number of permutation
polynomials of degree q  2 in Fq½X : Note that ðmod xq  xÞ these are, in fact,
permutation polynomials of maximum degree. This is because if d41 is a divisor of
q  1 then there is no permutation polynomial over Fq of degree d; see [5]. It is shown
in [1] that the number of permutation polynomials in Fq½x of degree dpq  2 can be
related to the solutions ðx1; x2;y; xqÞ of a system of linear equations over Fq; with
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the added restriction that xia0 and xiaxj whenever iaj: Using this the author
found an expression for the number of permutation polynomials of degree p  2 in
Fp½x in terms of the permanent of a Vandermonde matrix whose entries are the
primitive pth roots of unity. This led to nontrivial bounds for the number of such
permutation polynomials. See also [4] for another approach to this problem.
In the present paper we continue our investigations from [1] by attempting to
study the functions Nqðd;MÞ: When d ¼ q  1; we show that we can relate these
numbers to the solutions ðx1;y; xkÞ of linear equations over Fq; with the added
restriction that xiaxj whenever iaj: Using this (for prime ﬁelds) we are able ﬁnd a
nice formula for Npðp  1;MÞ: The functions Npðp  1; kÞ can then be determined
from (3). At the end of Section 2 we point out some interesting consequences of our
results. We also provide some asymptotic estimates in the conclusion.
2. Main result
Our main result is the following:
Theorem 2.1. Let M ¼ ðm1;y; mkÞ be an unordered partition of p into k parts. Let
ðr1;y; rsÞ be the repetitions of the parts of M: Then
Npðp  1;MÞ ¼ ðp  1Þp! ðk  1Þ!
m1!?mk! r1!?rs!
p  1
k  1
 !
þ ð1Þk
 !
:
Example. We calculate N5ð4; 3Þ; the number of polynomials of degree 4 in F5½x with
value sets of cardinality 3: The possible partitions are ð3; 1; 1Þ and ð2; 2; 1Þ: With
m1 ¼ 3; m2 ¼ m3 ¼ 1 and r1 ¼ 1; r2 ¼ 2; Theorem 2.1 gives N5ð4; ð3; 1; 1ÞÞ ¼ 400:
With m1 ¼ m2 ¼ 2; m3 ¼ 1 and r1 ¼ 2; r2 ¼ 1; we get N5ð4; ð2; 2; 1ÞÞ ¼ 600: Thus
N5ð4; 3Þ ¼ 400þ 600 ¼ 1000:
We will prove Theorem 2.1 in several steps. We ﬁrst note that if fAFq½x with
degreeðf Þ ¼ dpq  1 then it follows from the Lagrange interpolation formula, see
[5, p. 348], that
f ðxÞ ¼
X
aAFq
f ðaÞð1 ðx  aÞÞq1: ð4Þ
Now suppose that jVf j ¼ k and let c1;y; ck be the k distinct elements in the image of
f appearing with multiplicities m1;y; mk; respectively, where
P
mi ¼ q: It follows
from (4) that
coefficient of xq1 in f ðxÞ ¼
Xk
i¼1
mici: ð5Þ
Hence to count the number of polynomials of degree q  1 having a ﬁxed multiplicity
vector ðm1;y; mkÞ we need to consider the number of solutions in Fq of the
inequality
Pk
i¼1 mixia0 with the restriction that xiaxj if iaj:
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We can now prove the following:
Theorem 2.2. Let M ¼ ðm1;y; mkÞ be an unordered partition of q into k parts. Let
ðr1;y; rsÞ be the repetitions of the parts of M: Then
Nqðq  1;MÞ ¼ q!
m1!?mk! r1!?rs!
ðqðq  1Þ?ðq  k þ 1Þ  NÞ;
where N is the number of solutions in Fq of the equation
Pk
i¼1 mixi ¼ 0 with the
restriction that xiaxj if iaj:
Proof. First note that
jfðx1;y; xkÞ : xiAFq; xiaxj for iajgj ¼ qðq  1Þ?ðq  k þ 1Þ:
Thus the inequality
Pk
i¼1 mixia0 with the restriction that xiaxj if iaj has qðq 
1Þ?ðq  k þ 1Þ  N solutions. From (5) it is clear that the solutions obtained by
permuting the xi’s corresponding to equal elements mi; give rise to the same
coefﬁcient of xq1 in f ðxÞ: Thus the number of solutions of the inequality above that
give rise to distinct nonzero coefﬁcients of xq1 in f ðxÞ is qðq1Þ?ðqkþ1ÞN
r1!?rs!
: Finally,
each such solution ðx1;y; xkÞ gives rise to q!m1!?mk ! distinct polynomials (with the
same nonzero coefﬁcient of xq1). This proves the theorem. &
We now state the following result that we will use in the proof of Theorem 2.1.
This result is stated in Dickson’s History of the Theory of Numbers [2, p. 86] and is
attributed to a paper of Schonemann from 1839, (J. Math. 19, 1839). The result also
appears as a problem (with a complete solution) in [3, p. 211].
Theorem 2.3. Let N be the number of solutions in Fp of the equation m1x1 þ?þ
mkxk ¼ 0 such that xiaxj for iaj: If m1 þ?þ mk  0 ðmod pÞ but no subset of the
mi’s have a zero sum, then
N ¼ ðk  1Þ! p  1
k  1
 !
þ ð1Þk1ðp  1Þ
 !
:
We can now prove our main result.
Proof of Theorem 2.1. Since M ¼ ðm1;y; mkÞ forms a partition of p we havePk
i¼1 mi  0 ðmod pÞ: Also no subset of the mi’s has a zero sum. Theorem 2.1 now
follows from Theorems 2.3 and 2.2 and a straightforward calculation. &
We now state some interesting corollaries which follow from Theorem 2.1 and the
discussions above.
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Corollary 2.4. If fAFp½x and jVf j ¼ 2 then the degree of f must be p  1: Hence
Npðp  1; 2Þ ¼ pðp  1Þð2p1  1Þ:
Proof. Let m1 and m2 be positive integers such that m1 þ m2 ¼ p: Then m1x1 þ
m2x2 ¼ 0 in Fp if and only if x1 ¼ x2: Hence a polynomial with a value set of
cardinality 2 must have a nonzero coefﬁcient of xp1: It is clear that there are
ðp
2
Þð2p  2Þ polynomials in Fp½x having value sets of cardinality 2: The second
statement follows from this. &
Note that Corollary 2.4 is not true for Fq½x where q ¼ pr4p: Since in this case we
can have m1 þ m2 ¼ q with both m1 and m2 divisible by p: However in this case we
have the following:
Corollary 2.5. Let fAFq½x; jVf j ¼ 2 and let Mf ¼ ðm1; m2Þ: If m1 and m2 are not
divisible by p then the degree of f must be q  1:
Proof. Similar to the proof of Corollary 2.4. &
Corollary 2.6. Let q ¼ pr4p: Then
Nqðq  1; 2Þ ¼ qðq  1Þ 2q1  1
Xðpr11Þ2
n¼1
q!
ðnpÞ!ðq  npÞ!
0
BB@
1
CCA:
Proof. Clearly there are ðq
2
Þð2q  2Þ ¼ qðq  1Þð2q1  1Þ polynomials in Fq½x
having value sets of cardinality 2: We must subtract the number of such polynomials
with degrees oq  1: Let m1 þ m2 ¼ q with m14m2: Then polynomials of degree
strictly less than q  1 and having multiplicity vector ðm1; m2Þ correspond to
solutions of m1x1 þ m2x2 ¼ 0 in Fq with x1ax2: This is possible only if
m2Afp; 2p;y; ðpr112 Þpg: For each such pair ðm1; m2Þ there are qðq  1Þ solutions.
Each such solution ðx1; x2Þ corresponds to q!m1!m2! polynomials with multiplicity vector
ðm1; m2Þ: The proof of the corollary follows easily from this. &
For polynomials of degree q  1 with value sets of maximal cardinality, we have
the following:
Corollary 2.7. If fAFq½x and jVf j ¼ q  1; then the degree of f must be q  1: Hence
Nqðq  1; q  1Þ ¼ qðq  1Þq!
2
:
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Proof. If jVf j ¼ q  1 we must have Mf ¼ ð2; 1;y; 1Þ where the 1’s are repeated
q  2 times. Let N be the number of solutions in Fq of the equation 2x1 þ x2 þ
?þ xq1 ¼ 0; with the restriction that xiaxj for iaj: Let ðc1;y; cq1Þ be such a
solution and let cq be the other element of Fq: Then if 2c1 þ c2 þ?þ cq1 ¼ 0 we
must have c1  cq ¼ 0; since the sum of all the elements of Fq is 0: This is a
contradiction. Thus N ¼ 0: The corollary now follows from Theorem 2.2 with
k ¼ q  1; m1 ¼ 2; m2 ¼? ¼ mq1 ¼ 1; r1 ¼ 1 and r2 ¼ q  2: &
3. Conclusion
We conclude by pointing out some asymptotic estimates. Let M ¼ ðm1;y; mkÞ be
an unordered partition of q into k parts and let ðr1;y; rsÞ be the repetitions of the
parts of M: Let
NqðMÞ ¼ jffAFq½x : degreeðf Þpq  1 and Mf ¼ Mgj
be the total number of polynomials in Fq½x of degree pq  1 and having the same
multiplicity vector M: We have
NqðMÞ ¼ q!
m1!?mk!
q!
ðq  kÞ!r1!?rs!: ð6Þ
(This is because we can consider k boxes labelled by the numbers m1;y; mk:
Boxes with the same label are identical. The number of possible arrangements of the
elements of Fq in these k boxes with each box containing 1 ﬁeld element is
q!
ðqkÞ!r1!?rk !:
Each one of these arrangements gives rise to q!
m1!?mk !
polynomials with value sets
having the prescribed multiplicity).
Using (6) and Theorem 2.1 we have the following for prime ﬁelds.
Theorem 3.1. Let M ¼ ðm1;y; mkÞ be an unordered partition of p into k parts. Let
NpðMÞ be the total number of polynomials of degree pp  1 in Fp½x having the same
multiplicity vector M: Also let NpðkÞ be the total number of polynomials of degree
pp  1 in Fp½x with value sets having the same cardinality k: Then
Npðp  1; kÞ
NpðkÞ ¼
Npðp  1;MÞ
NpðMÞ ¼ 1
1
p
 
1þ ð1Þ
k
ðp1
k1Þ
 !
:
The following corollary follows directly from the above.
Corollary 3.2. With notation as in Theorem 3.1 we have
Npðp  1; kÞ
NpðkÞ ¼
Npðp  1; p  k þ 1Þ
NpðkÞ :
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If k ¼ 2 or k ¼ p  1 we have
Npðp  1; 2Þ
NpðkÞ ¼
Npðp  1; p  1Þ
NpðkÞ ¼ 1:
Finally, if 3pkpp  2 then for large p we have asymptotically
Npðp  1; kÞ
NpðkÞ ¼
Npðp  1;MÞ
NpðMÞ E1
1
p
:
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